arXiv: 1502.04417v2 [math.AG] 24 Sep 2015 


RELATIVE DONALDSON-THOMAS THEORY 
FOR CALABI-YAU 4-FOLDS 

YALONG CAO AND NAICHUNG CONAN LEUNG 


Abstract. Given a complex 4-fold X with an (Calabi-Yau 3- fold) anti-canonical divisor 
Y, we study relative Donaldson-Thomas invariants for this pair, which are elements in the 
Donaldson-Thomas cohomologies of Y. We also discuss gluing formulas which relate relative 
invariants and DT 4 invariants for Calabi-Yau 4-folds. 


1. Introduction 

Donaldson-Thomas invariants (DT 3 invariants for short) were proposed by Donaldson and 
Thomas and defined in Thomas’ thesis 152, • They count stable sheaves on Calabi-Yau 3- 
folds, which are related to many other interesting subjects, including Gopakumar-Vafa conjecture 
on BPS numbers in string theory [23], [25] . [32] and MNOP conjecture [42], [43] , [44], ,49] relating 
DT$ invariants to Gromov-Witten invariants. The generalization of DT 3 invariants to count 
strictly semi-stable sheaves is due to Joyce and Song [21] using Behrend’s result [4]. 

Kontsevich and Soibelman proposed generalized as well as motivic DT theory for Calabi-Yau 
3-categories [22!, which was later studied by Behrend-Bryan-Szendroi [3] for Hilbert schemes of 
points. The wall-crossing formula [22], 131] is an important structure for Bridgeland’s stability 
condition m and Pandharipande-Thomas invariants m, M- 

As a categorification of Donaldson-Thomas invariants, Brav, Bussi, Dupont, Joyce and Szen- 
droi [2 and Kiem and Li )52j recently defined a cohomology theory for Calabi-Yau 3-folds whose 
Euler characteristic is the DT$ invariant. The point is that moduli spaces of simple sheaves on 
Calabi-Yau 3-folds are critical points of holomorphic functions locally M, ED, and we could 
consider perverse sheaves of vanishing cycles of these functions. They glued these local perverse 
sheaves and defined its hypercohomology as DT 3 cohomology. In general, such a gluing requires 
a square root of the determinant line bundle of the moduli space [25], [22], [HJ • 

As an extension of Donaldson-Thomas invariants to Calabi-Yau 4-folds, Borisov and Joyce 
[7] and the authors [12], [13] developed DT 4 invariants (or ’holomorphic Donaldson invariants’) 
which count stable sheaves on Calabi-Yau 4-folds. It is desirable to construct a TQFT type 
structure for these DT 4 and DT$ theories. The purpose of this paper is to make some initial 
steps in this direction. We remark that Joyce also has a program of establishing TQFT struc¬ 
tures on Calabi-Yau 3 and 4-folds m using Pantev-Toen-Vaquie-Vezzosi’s shifted symplectic 
structures on derived schemes m- 

Our set-up is a smooth Calabi-Yau 3-fold Y = s - 1 (0) as an anti-canonical divisor of a complex 
projective 4-fold X, where s £ r(X, K^- 1 ). Then 1/s is nowhere vanishing inside X\Y which 
gives a trivialization of its canonical bundle. Thus X\Y is an open Calabi-Yau 4-fold which has 
a compactification X by adding a compact Calabi-Yau 3-fold. 

We consider any Gieseker moduli space DJlx of semi-stable sheaves which consists of slope- 
stable bundles only, and assume there exists a restriction morphism 7 ' : 91tx —> StJlv to a Gieseker 
moduli space of stable sheaves on Y (see Theorem 13.11 for its existence). The deformation- 
obstruction theory associated to r is described as follows: for any stable bundle E £ we 

have an exact sequence 

0 -A H 1 (X,End 0 E®K x ) -A- H l (X,End 0 E) -a H\Y,End 0 E\ Y ) -A 
-A H 2 (X, End 0 E <g> K x ) -A H 2 (X, End 0 E) -A- H 2 {Y, End 0 E\ y ) -A 

-A i? 3 (X, End 0 E ® K x ) -A- R 3 (X, End 0 E) -a 0. 

Note that the transpose of the above sequence with respect to Serre duality pairings on X and 
Y is itself m- This is the key property for the definition of relative DT 4 virtual cycles, which 
we define for the following three good cases. 
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Case I. [Rigid case] If every E £ SO Xx satisfies H 1 (Y, EndgE\ Y ) = 0, then the above long 
exact sequence breaks into canonical isomorphisms 

H\X,End 0 E) ^ H 3 (X, End 0 E)*, H 2 {X,End 0 E) ^ H 2 (X, End 0 E)*. 

Similar to the case of Calabi-Yau 4-folds [7], 5 UXx will have a (—2)-shifted symplectic structure 
in the sense of PTVV |5T]. By Borisov-Joyce [7], there exists a virtual cycle, which we define to 
be the relative DT 4 virtual cycle. 

Case II. [Surjective case] If r : 9Jlx —>• 9Jtr is a surjective map between smooth moduli spaces 
(throughout this paper, unless specified otherwise, smooth moduli spaces mean their Kuranishi 
maps are zero), we obtain a canonical isomorphism 

H 2 (X,End 0 E ) “ H 2 {X, End 0 E )*, 

which endows the obstruction bundle Ob^n x with a non-degenerate quadratic form. Then the 
relative DT 4 virtual cycle is defined to be the Euler class of the self-dual subbundle of Obw x as 

in Definition 5.12 1131- 

Case III. [Injective case] If r : DJXx —> 9Jty is an injective map between smooth moduli 
spaces, we obtain an exact sequence 

0 -s- H\X, End 0 E) -» H X {Y, End 0 E\ Y ) -s- H 2 (X , End 0 E <g> K x ) 

-A- H 2 (X,End 0 E) -A- H 2 (Y, End 0 E\ Y ) H 3 (X, End 0 E ® K x ) -> 0. 

This determines a surjective map 

s : Obm x -A/ m x /m Y 

from the obstruction bundle of (DXx to the conormal bundle of DXXx inside (DX-y, and a non¬ 
degenerate quadratic form on the reduced bundle Ob^ d x = Ker(s). As in Case II, we define 
the relative DT 4 virtual cycle {DJlx l ] mr £ H*((DXx to be the Euler class of the self-dual 
subbundle of Obf^ d x . Note that when iXflx is smooth, r is injective and a neighbourhood of 
r(plx) C is smooth, can a l so be defined in a similar way. It is easy to check 

these definitions of relative DT 4 virtual cycles in Cases I-III are all compatible. We compute 
examples for relative DT 4 virtual cycles in Proposition 1 3, 101 

To sum up, we define the notion of admissibility for Gieseker moduli spaces. 

Definition 1.1. Let Y be a smooth anti-canonical divisor of a projective 4-fold X , and StJl.v be 
a Gieseker moduli space of semi-stable sheaves. fDty is admissible with respect to (X , Y) if 

(i) SOLy consists of slope-stable bundles only, and 

(ii) there exists a restriction morphism r : OTy —> 9Jty to a Gieseker moduli space of stable 
sheaves on Y0. 

Theorem/Definition 1.2. If DJIx is admissible with respect to (X,Y), then the relative DT 4 
virtual cycle exists, i.e. 

[<m r /] vir £ H4<m x , z 2 ) 

provided that any one of the following conditions holds, 

(1) r(dJtx) is rigid, i.e. H 1 (Y, EndoE\ Y ) = 0 for any E £ 9U.y,- or 

( 2 ) r is surjective between smooth moduli spaces; or 

(3) r is injective between smooth moduli spaces fat least when restricted to a neighbourhood of 

r(m x ) in at Y ). 

Furthermore, [9JK ? l ] vlr will be defined over inteqer if r : 9JTv —> DJly has a relative orientation 
(Definition fI77|) [j. 

In general, the virtual dimension of [fW^ l ] mr is not zero, and we introduce the /i-map to cut 
it down and define the relative DT 4 invariant. The relative DT 4 invariant is a map 

v(DJl x ) : Sym*(H*(X,Z) ®Z[ Xl ,x 2 ,...]) *(m Y ,P^ Y ), 

where V^ 1y is the perverse sheaf constructed by Brav-Bussi-Dupont-Joyce-Szendroi jS] and 
Kiem-Li [57] , In Cases I-III, if 9Jty is smooth, the perverse sheaf V^ nY is the C-constant 
sheaf (up to some degree shift) and the relative DT 4 invariant vfffflx) is defined by pairing the 
relative DT 4 virtual cycle, /.t-map and pull-back classes from H*(fiOX Y ,C). 

So far, we only work with holomorphic bundles (i.e. 9Jlx consists of bundles only). To extend 
to other coherent sheaves, say ideal sheaves of subschemes, one difficulty is that we will not 


^Theorem 13.II ensures we have many such examples. 

2 See Theorem 11.81 and Proposition 11,9| for some partial verification of the existence of relative orientations. 
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have well-defined restriction maps in the usual sense as subschemes would sit inside the divisor 
Y C X. To handle this issue, we introduce Li-Wu’s good degenerations of Hilbert schemes 
m- Li-Wu’s idea is to blow up the divisor once subschemes sit inside Y (like neck-stretching in 
Donaldson theory) and we are then reduced to consider subschemes which are ’transversal’ to 
Y. 

Working with their good degenerations, we study extensions of the above Cases I-III to ideal 
sheaves cases. In particular, we study the obstruction theory of moduli spaces of relative ideal 
sheaves iLemma 15.31) and discuss a gluing formula lTheorem l5.12l) based on certain conjectures. 
We also compute examples on relative DT 4 virtual cycles (Example 14. IE Example 14.51) based on 
Definition 15.41 which include 

Example 1.3. (Generic quintic in P 4 , Example 14.41) 

We take X = P 4 which contains a generic quintic 3-fold Y = Q as its anti-canonical divisor, 
and consider the primitive curve class [77] G 772 (X,Z). Ideal sheaves of curves representing 
this class have Chern character c = (1,0, 0, —PD([H]), |) and we denote their moduli space by 
I a (X, [H]) (= Gr( 2, 5)). The generic quintic Q contains 2875 rigid degree 1 rational curves and 
7 3 (X , [H]) contains a finite subset S with 2875 points. It ( X , [i/])\S has a well-defined restriction 
morphism to Hilb b (Q). To extend the morphism across those 2875 points, we introduce Li-Wu’s 
expanded pair X[l]o = X UAi, F[l] 0 (= Q) C Ai, where Ai = P (Oq © 0 V i (5)|q), and consider 
the moduli space 7|(X[l]o, [77]) of relative ideal sheaves of curves. Geometrically, it is the blow 
up of 7| (X, [77]) along those 2875 points, i.e. 

7|(X[1] 0 , [77]) = Bl s {Gr{2, 5)), 

where each exceptional divisor corresponds to a Hilb 5 (P 1 ) for each P 1 C Q. We then have a 
injective restriction morphism 

7|(X[1] 0 , [77]) —» Hilb 5 (Y[l] 0 ), 

Ic !->■ Ic\y[ 1 ]o 

with smooth image. Conditions in Definition [531 (or Case III) are satisfied and the relative DT 4 
virtual cycle is the usual fundamental class of the moduli space 7|(A[1] 0 , [77]) = Bls(Gr( 2, 5)). 

Proposition 1.4. For (P 4 ,Q), we have a restriction morphism 

7|(P 4 [l]o, [77]) -A- Hilb 5 (Q) 

from the moduli space of relative ideal sheaves of degree 1 rational curves in P 4 to the Hilbert 
scheme of five points in a generic quintic 3-fold. The relative DT 4 virtual cycle o/7j(P 4 [1]o, [77]) 
is the usual fundamental class of the moduli space 73 (P 4 [ 1 ] 0 , [77]) = Bls(Gr( 2,5)). 

We adapt Li-Wu’s good degenerations to torsion sheaves and verify Conjectures 15.8115.91 in 
the following case. 

Example 1.5. (Relative DT 4 /DT 3 , Example 14.51) 

Let X = Yi x P 1 which contains Y = (Yj x 0) U (Yj x 00 ) as an anti-canonical divisor, where 
Yi is a compact Calabi-Yau 3-fold. We denote 9Jt c (Yj) to be a Gieseker moduli space of torsion- 
free semi-stable sheaves on Y j with Chern character c G H even (Yj,Q) (we assume there is no 
strictly semi-stable sheaf), and denote 9Jt c (X) to be the moduli space of sheaves on X which are 
push-forward of stable sheaves in 9Jl c (Yj x t) for some t (9Jl c (X) = 9Jl c (Yi) x P 1 ). 

To have a well-defined restriction map, we introduce AT[l]o = A_i U X U Ai, where A±i = 
Yi x P 1 , and consider the relative moduli space 21I c (X[l]o) with 

^(Xll^^ajle^OxP 1 . 

Conjectures 15.8115.91 hold and the relative DT 4 virtual cycle satisfies 

[Tt r c el (X[l]o)] vir = DT 3 (<m c ( Yj)) • [P 1 ] G H 2 (m c (X[l]o),Z), 

where DT^^XflclYi)) is the Donaldson-Thomas invariant defined by Thomas [53] . 

Theorem 1.6. For (X = Y\ X P 4 ,E = Yj x {0, 00 }), where Y'i is a compact Calabi-Yau 3-fold, 
we have a restriction map 

OT c (X[l]o) = aJI c (Ei) x P 1 -+pt, 

from the moduli space of relative torsion sheaves coming from push-forward of stable sheaves in 
!DT c (Yj x t), where 9IT c (Yj) is a Gieseker moduli space of torsion-free semi-stable sheaves on Y) 
consisting of no strictly semi-stable sheaf. 



4 


YALONG CAO AND NAICHUNG CONAN LEUNG 


The relative DT 4 virtual cycle exists and satisfies 

[Wt r c el (X[l} 0 )r r = DT 3 (Wl c (Yi)) ■ [P 1 ] € H 2 (m c (X[l] o),Z), 
where DT 3 (fffl c (Yi)) is the DT 3 invariant ofYi (CY 3 ) with respect to Chern character c. 

Finally, we give a coherent description of the orientability issues involved in Cases I-III 
(Proposition E2I) and summarize them into the following definition. 

Definition 1 . 7 . (Definition 16.11) Let X be a smooth projective 4-fold with a smooth anti- 
canonical divisor Y £ \Kx l> an( i r : fiix —t Aiy be a well-defined restriction morphism between 
coarse moduli spaces of simple sheaves on X and Y with fixed Chern classes respectively. In 
this case, there exists a canonical isomorphism 

a:(£ Mx f 2 =r*C MY . 

A relative orientation for morphism r consists of a square root ( Cm y \M red ) 5 °f th e determi¬ 
nant line bundle Cm y \MXf d an d an isomorphism 

9 : Cm x \M r if d ~ r {/-'My I M \? d ) 2 
such that 9 <g> 9 = a holds over Aix for the isomorphism a. 

We then give the following partial verification of the existence of orientations. 

Theorem 1 . 8 . (Weak relative orientability, Theorem 1 6 . ,91) 

Let Y be a smooth anti-canonical divisor in a projective 4-fold X with Tor(H*(X,Z)) = 0, 
E —>• X be a complex vector bundle with structure group SU(N), where N 0. Let Aix be a 
coarse moduli scheme of simple holomorphic structures on E, which has a well-defined restriction 
morphism 

r : Mx —> Aiy, 

to a proper coarse moduli scheme of simple bundles on Y with fixed Chern classes. 

Then there exists a square root {Cm y °f ^-m y \m\A such that 

ci{Tm x \M% d ) = r c ±{{£-m y 2 )> 

where Cm x (resp. Cm y ) Is the determinant line bundle of Aix (resp. Aiy). 

Another partial verification is given as follows. 

Proposition 1 . 9 . (Proposition^^) 

We assume H 1 (Alx 1 '^ 2 ) = 0. Then relative orientations for restriction morphism r : Aix —> 
Aiy exist. 
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where part of this work was done. We thank Yan Soibelman for comments on the appropriate 
citation of references. The work of the second author was substantially supported by grants from 
the Research Grants Council of the Hong Kong Special Administrative Region, China (Project 
No. CUHK401411 and CUHK14302714). 

2. Review of basic facts in DT theory 

2.1. Some basic facts in DT\ theory. We start with a complex projective Calabi-Yau 4- 
fold (X,Ox{ 1)) ( Hol(X) = SU(4)) with a Ricci-flat Kahler metric g [55], a Kahler form w, a 
holomorphic four-form fl, and a topological bundle with a Hermitian metric (E, h). We define 

*4 = (flu 1 ) o * : fl°’ 2 (X, EndE) H°’ 2 (A, EndE), 

with * 2 = 1 and it splits the corresponding harmonic subspace into (anti-)self-dual parts. 

The DT 4 equations are defined to be 

(1) I F + 2 = ° 

U \ F Aw 3 = 0, 

where the first equation is F 0,2 + * 4 F 0,2 = 0 and we assume C\(E) = 0 for simplicity in the 
moment map equation F A w 3 = 0. 
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We denote M I>T 4 (X. g , [w], c, h) or simply M^ Ti to be the space of gauge equivalence classes 
of solutions to the DT 4 equations on E with ch(E) = c. 

We take M. bdl to be the moduli space of slope-stable holomorphic bundles with fixed Chern 
character c. By the Donaldson-Uhlenbeck-Yau’s theorem [55], we can identify it with the moduli 
space of gauge equivalence classes of solutions to the holomorphic HYM equations 

f F 0 ’ 2 = 0 
\ F A w 3 = 0. 

By Lemma 4.1 (13j . if cli 2 (E) G iJ 2,2 (AT, C), then F+ 2 = 0 =>• F 0,2 = 0. In particular, if 
M b c dl ^ 0, then Mf >Ti = M bdl as sets. 

The comparison of analytic structures is given by 

Theorem 2.1. (Theorem 1.1 [T3],) We assume M bdl ^ 0 and fix dA G A4f >Tj , then 

(1) there exists a Kuranishi map R of A4 b c dl at 8 a (the (0,1) part of Oa) such that R+ is a 
Kuranishi map of M.() Ti at Oa, where 

R+ = n+(R) : H°' 1 (X,EndE)—^H 0 ' 2 (X 1 EndE)^+H° J ; 2 (X,EndE) 
and 7 r + is projection to the self-dual forms; 

( 2 ) the closed imbedding between analytic spaces possibly with non-reduced structures A4 bdl 

is also a homeomorphism between topological spaces. 

Remark 2.2. By Proposition 10.10 m , the map R satisfies Qserre{H, «) > 0, where Qserre is 
the Serre duality pairing on iJ°’ 2 (A, EndE). 

To define Donaldson type invariants using Mf yTi , we need to give it a good compactification 
(such that it carries a deformation invariant fundamental class). For this purpose, we introduce 
M c (X,Ox{l)) or simply M c to be the Gieseker moduli space of Cbf (l)-stable sheaves on A' 
with given Chern character c. Motivated by Theorem 12. 11 we make the following definition. 

Definition 2.3. ([13) We call a C°°-scheme, generalized DT 4 moduli space if there exists 

a homeomorphism 

M c -» M c 

such that at each closed point of M c , say F, M^ Ti is locally isomorphic to k+ 1 (0), where 

k + = 7r + o n : Ext 1 (F, F) —> Ext 2 + ( F, F ), 

k is a Kuranishi map at F and Ext 2 , {F, F) is a half dimensional real subspace of Ext 2 {F,F) 
on which the Serre duality quadratic form is real and positive definite. 

Remark 2.4. 

1. The existence of generalized DT 4 moduli spaces was proved by Borisov-Joyce [7j. The authors 
proved their existence as real analytic spaces in certain cases and defined the corresponding 
virtual fundamental classes mm- 

2. For fixed data (A, 0^(1), c), generalized DT 4 moduli spaces may not be unique. However, 
they all carry the same virtual fundamental class [7]. 

The proof of Borisov-Joyce’s gluing result is divided into two parts. Firstly, they use good 
local models of A4 C , be. local ’Darboux charts’ in the sense of Brav, Bussi and Joyce [5> Then 
they chose the half dimensional real subspace Ext 2 : ( F , F) appropriately and use partition of 
unity and homotopical algebra to glue K+. We state the analytic version of BBJ’s local Darboux 
charts as follows. 

Theorem 2.5. (Brav-Bussi-Joyce [S] Corollary 5.20, see also Theorem 10.7 m 
Let M c be a Gieseker moduli space of stable sheaves on a compact Calabi-Yau f-fold X. Then 
for any closed point F G A4 C , there exists an analytic neighborhood Uj= C A4 C , a holomorphic 
map near the origin 

k : ExfilFjF) —> Ext 2 (F,F) 

such that Qserre^K, k) = 0 and k _1 (0) = Ujr as complex analytic spaces possibly with non-reduced 
structures, where Qserre Is the Serre duality pairing on Ext 2 (F, F). 

Proof. (See the Proof of Theorem 10.7 i T31 J The point is that we can use Seidel-Thomas twists 
mm transfer the problem to a problem on moduli spaces of holomorphic bundles and then 
notice ch 2 {E) A D = 0 for holomorphic bundle E, where 12 is the holomorphic top form. □ 
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To make sense of virtual fundamental classes of generalized DT 4 moduli spaces as homology 
classes in A4 c ’s, one would in general rely on Joyce’s D-manifolds theory [25] or Fukaya-Oh-Ohta- 
Ono’s theory of Kuranishi spaces m or Hofer’s polyfolds theory [24] (see [57] for a comparison 
between them). Assuming this part, which is claimed by Borisov-Joyce, we have 

Theorem 2.6. (Borisov-Joyce [7], .301 ) 

Let X be a complex projective Calabi-Yau j-fold, and A4 C be a Gieseker moduli space of stable 

sheaves which is compact (it is true if the degree and rank of sheaves are coprime). Then there 

DT± 

exists a generalized DT 4 moduli space A4 C . If we further assume A4 C is orientable in the 
sense of D-manifold, then the virtual fundamental class of A4 C exists and is a well-defined 
homology class, i.e. 

[M° T r ir eH*(M c ,Z), 

which coincides with earlier definitions of DT 4 virtual cycles (Definition 5.3, 5.12, 5.14 }T3j). 

We can furthermore define the DT 4 invariant by pairing the above cycle with y,-map as in 
Definition 5.15 ns- With appropriate choice of orientations, DT 4 invariants are invariant under 
deformations of complex structures of X. 

Because of the Serre duality for Ext* (F, JF) , the existence of an orientation on a generalized 
DT 4 moduli space Xl^ Ti (in the sense of D-manifold) is equivalent to the existence of a reduction 
of the structure group of (C x , Qserre ) to 50(1, C), where Cx is the determinant line bundle with 
Cx\x — (A top Ext even (F,J r ))~ 1 (g> A top Ext odd (F, F) and Qserre is the Serre duality quadratic 
form on it. 

Theorem 2.7. (Theorem 2.2 [HJJ Let X be a compact Calabi-Yau 4~fold with H 0 dd(X,Z) = 0. 
For any Gieseker moduli space M. c of stable sheaves, the structure group of (C x , Qserre) can be 
reduced to 50(1, C). 

In the case when the Gieseker moduli space A4 C of stable sheaves on X is smooth (i.e. 
Kuranishi maps are zero), the obstruction sheaf Ob such that Ob\x = Ext 2 (F,F) is a bundle 
with Serre duality quadratic form. There exists a real subbundle Ob + with positive definite 
quadratic form such that Ob = Ob + <8 >r C as vector bundles with quadratic forms. We call Ob+ 
the self-dual obstruction bundle. By Definition 5.12 m, the virtual fundamental class of 
is the Poincare dual of the Euler class of the self-dual obstruction bundle (if it is orientable), i.e. 

(2) {M° Ti ] vir = PD(e(Ob+)) G Z). 

This motivates later definitions of relative DT 4 invariants. 

2.2. Some basic facts in DT 3 theory. Moduli spaces of simple sheaves on CYC’s, are locally 
critical points of holomorphic functions m , eu and we can consider the perverse sheaves of 
vanishing cycles of these functions. The expected cohomology which categorifies DT 3 invariant 
is defined by first gluing these local perverse sheaves and then taking its hypercohomology. 

Theorem 2.8. (Brav-Bussi-Dupont-Joyce-Szendroi Kiem-Li 132] ) 

Let Y be a Calabi-Yau 3-fold over C, and XI a classical moduli scheme of simple coherent 
sheaves or simple complexes of coherent sheaves on Y, with natural (symmetric) obstruction 
theory f> : 5* —» Suppose we are given a square root of det(£ m ), then there exists a 

perverse sheave V % M uniquely up to canonical isomorphism such that the Euler characteristic of 
its hypercohomology is the Donalds on-Thomas invariant [53]. 

2.3. An overview of TQFT type structures in DT 4 -DT 3 theories. In this subsection, we 
give an overview of TQFT structures in gauge theories on Calabi-Yau 3-folds and 4-folds. 

We take a smooth (Calabi-Yau) 3-fold Y in a complex projective 4-fold X + as its anti- 
canonical divisor, and consider a moduli space 9Jl x + of stable bundles with fixed Cliern classes 
on X + which has a well-defined restriction morphism 

r : m x + -t ©Ti¬ 
to a moduli space of stable sheaves on Y. This would determine a class c(©Tx+) G H*(7 : ’J; r ). 

Given another complex projective 4-fold X~ which contains Y as its anti-canonical divisor, 
we form a singular space Xo = X + U y X~. When Xq admits a smooth deformation X t , X t will 
be a family of CY 4 s provided that the normal bundle of Y in X± is trivial. As the perverse sheaf 
in Theorem 12. 81 is self-dual under the Verdier duality, i.e. S8], we can define 

(v(DJl x +), v(9Jl x -)) using the Verdier duality on H*(©Ty,'P*j ty ) as long as ©Ty is compact. 
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Ignoring the stability issue and contributions from general coherent sheaves, we ask the fol¬ 
lowing question which can be regarded as a complexification of Chern-Simons-Donaldson-Floer 
TQFT structure for 3 and 4-manifolds (see Atiyah m)- 

Question 2.9. What is the relation between DT 4 invariants and relative DT 4 invariants, namely, 
comparing DT 4 (Mx t ) with (v( 0 Jl Y +), v(M x - ))? 

3. Relative DT 4 invariants for holomorphic bundles 

3.1. Definitions of relative DT 4 invariants. In this section, we restrict to some good cases 
and define rigorously the relative DT 4 invariant mentioned before, i.e. z>(9Jl, Y +) G ) ■ 

To have a well-defined restriction map, in this section, we assume all Gieseker moduli spaces of 
semi-stable sheaves on 4-folds consist of slope-stable bundles only. This will serve as a model for 
the later study of relative DT 4 invariants for ideal sheaves. 

Let Y be a smooth anti-canonical divisor of a smooth projective 4-fold A, 911 x be a Gieseker 
moduli space which is admissible with respect to (X,Y) (see Deflnition ll.il) . and 

r : 9 7tx —t 9Jly 

be the restriction morphism to a Gieseker moduli space on Y. We recall the following criterion 
which ensures that we have such morphism r in many cases. 

Theorem 3.1. (Flenner [20] ) 

Let (X,Ox{ 1)) be a complex n-dimensional normal projective variety with Ox( 1) very ample. 
We take T to be a Ox(l)-slope semi-stable torsion-free sheaf of rank r. d and 1 < c < n — 1 are 
integers such that 

[( U + d d ) -ed-l]/d>deg(0x(l))-max( r ^ 1 ,1). 

Then for a generic complete intersection Y = H\C\- • -C\H c with Hi £ \Ox(d)\, E\y — X®o x 
is Ox(1 )\y- slope semi-stable on Y. 

Remark 3.2. For X = P 4 , O x {l) = is very ample. We take c = 1 and d = 5, then 

any rank r < 9 semi-stable sheaf on P 4 remains semi-stable when restricted to a generic quintic 
3-fold inside. 

The deformation-obstruction theory associated to the restriction morphism r is described by 
the following exact sequence. 

Lemma 3.3. We take a stable bundle E £ M x , and assume Y is connected, then we have a 
long exact sequence, 

0 ->• H\X, EndE ® K x ) -» H\X, EndE) ->• H\Y, EndE\ Y ) ->• 

-> H 2 (X, EndE <g> K x ) -t H 2 {X, EndE ) H 2 (Y, EndE \ Y ) 

H 3 (X, EndE ® K x ) —> H 3 (X, EndE) —> 0. 

Proof. We tensor 0 —>■ Ox(—Y) —> Ox Oy —> 0 with EndE and take its cohomology. □ 

We note that the transpose of the above sequence with respect to Serre duality pairing on 
X and Y remains the same (see also [T5] ). This will be the key property used in the following 
definitions of relative DT 4 invariants. 

Case I: when 9Hy is of expected dim. If we assume H 1 (Y, EndE\y) = 0 for any E £ 9Jlx, 
then H 2 (Y, EndEjy) = 0 and DJty contains components of finite points, labeled by Ei,...,E m 
which come from restrictions of bundles on A'. We denote 9J lx,E t to be components of 9Jt x such 
that r(Mtx,Ei ) = FA By Lemma HTTil we have canonical isomorphisms 

H 3 {X, EndE)* S H 1 {X, EndE), H 2 {X, EndE)* ^ FT 2 (A, EndE). 

In fact, we apply Theorem 2.13 of DU and take the induced shifted symplectic structure on the 
stable loci as in [7J, 9Jl x ,E t has a (—2)-shifted symplectic structure in the sense of [3T]. Analogs 
to Theorem 12.61 we can define the relative DT 4 virtual cycle [93TA,sJ wr e H n (fMx,E i ,'^i) with 
n = 1 — x{X, EndE). The cycle will be defined over integer if the associated D-manifold of 
M x ,Ei is orientable. 

The virtual dimension is not zero in general, we introduce a /r-map as in Definition 5.15 [13| . 
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Definition 3.4. We denote the universal sheaf of DJl x by $ — > VJtx x X. 

The /i-map is 

/i : H*(X) 0 Z[®i, x 2 ,...] -> 

m( 7> p ) = P(ci(30, c 2 (5), -)/7- 

Pairing virtual cycles with //-maps defines the relative invariants. 

Definition 3.5. Let Tlx be a Gieseker moduli space of semi-stable sheaves which is admissible 
with respect to (X, Y) (see Definition 1 1.1 II . and r : 9Jl x —> Wly be the restriction morphism. 

We assume H 1 (Y,EndE\y) = 0 for any E € 9Jt x , then the relative DT 4 invariant is a map 

(3) v(m x ) : Sym*(H,(X, Z) ®Z[x u x 2 ,...]) *(m Y ,V^ Y ) 

such that 

m 

v(m x )((lu A), (72, P 2 ), -) = E<t OT ^J” r ^( 7 i, Pi) U //( 7 2, P 2 ) U .... )E U 

i —1 

where (,) denotes the natural pairing between homology and cohomology classes and {£)}i<j< m 
are taken as a basis of H*(r(9Jl x ))- 


Case II: when 3 Jlx and are smooth and r is surjective. We assume 9ft x and SO Xy are 
smooth (i.e. all Kuranishi maps are zero) and the restriction map r is surjective. By Lemma 
13.31 we get a canonical isomorphism 

H 2 (X, EndE)* S H 2 (X,EndE) 

which endows H 2 (X , EndE) a non-degenerate quadratic form, and a short exact sequence 
0 -> H 3 (X,EndE)* ->• H 1 (X, EndE) ->• H 1 (Y,EndE | r ) —> 0. 

Counting dimensions, we have 

2h 1 (X, EndE) - h 2 (X, EndE) = h\Y, EndE\y) - y(X, EndE) + 1, 

which is a constant on components of SJI.y by assumptions. Similar to ([%]). the self-dual subbundle 
of the obstruction bundle Ob^yi x exists. If it is also orientable, we define the relative DT 4 virtual 
cycle \^JV x l ] mr g H n (9Jl x ,Z) to be the Euler class of the self-dual obstruction bundle, where 
n = h x (Y, EndE\y) — x(X, EndE) + 1. 

Definition 3.6. Let 9Jl x be a Gieseker moduli space of senri-stable sheaves which is admissible 
with respect to ( X , Y) (see Definition ll.il) . and r : 9 Jl x — > $Jly be the restriction morphism. 

We assume r is surjective between smooth moduli spaces, then the relative DT 4 invariant is 
a map 

(4) v(m x ) ■ Sym*(H*{X, Z) ® Z[ Xl , x 2 ,...]) ->H*(My) 

such that 

v(m x )(( 7 i,Pi),( 7 2 ,P 2 ),...)(a) = ([m' x el r r Ar*a)uM 7 1 ,P 1 )UM( 72 ,P 2 )U...,), 

where a £ H*($Jly) and we identify H*(9Jly) = H*(9Jly)* via Poincare pairing, (,) denotes the 
natural pairing between homology and cohomology classes. 


Case III: when 5 Ul x and 9J ly are smooth and r is injective. We assume 9Jt x and 911 y are 
smooth (i.e. all Kuranishi maps are zero) and the restriction map r is injective. By Lemma 13.31 
we get H 3 (X,EndE) = 0 and an exact sequence 

0 -s- H 1 (X, EndE) -s- H X (Y, EndE\y) H 2 {X,EndE)* ->• 

-A- H 2 (X,EndE) — H X (Y, EndE\y)* H l (X,EndE)* —>• 0. 

This determine a surjective map 

s : Ob mx -» Nm x /m Y 

and a non-degenerate quadratic form on the reduced bundle Ob^ d x = Ker{s ), where Ob<x>i x is 
the obstruction bundle of 9)\ x with O&atxls = H 2 (X,EndE) and Njn x /m Y conorma l 

bundle of 9Jtx inside 3)1 y. 

Then if the self-dual subbundle of Ob^ d x is orientable, we define the relative DT 4 virtual 
cycle \tyVx l ] mr £ H n (DJl x ,Z) to be the Euler class of it, where the virtual dimension is n = 
2h 1 (X, EndE) — ( h 2 (X,EndE) — codim<jji Y (DJl x )) = h 1 (Y, EndE\y) — x(X, EndE) + 1. Note 
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that when DJlx is smooth, r is injective and a neighbourhood of r(Wlx) C M Y is smooth, we 
could also define [9JV£ l ] mr in a similar way. 

Definition 3.7. Let Mx be a Gieseker moduli space of semi-stable sheaves which is admissible 
with respect to (X, Y) (see Definition ll.il) . and r : DJlx —> My be the restriction morphism. 

We assume r is injective between smooth moduli spaces (at lease when restricted to a neigh¬ 
bourhood of r(Mx) in My), then the relative DT 4 invariant is a map 

(5) v(M x ) : Sym*(H*(X, Z) g> h[x 1 ,X 2 , •■•]) -> H*{M Y ) 

such that 

(72, P 2 ), ..•)(«) = {Wx]™, (■r*a ) U M( 7 r, A) U MTS, P2) U 

where a £ H*(M Y ) and we identify H*(M Y ) = H*(VJly)* via Poincare pairing, (,) denotes the 
natural pairing between homology and cohomology classes. 

Remark 3.8. It is easy to check Definition 13.51 ETB1 and 15771 are all compatible. 

In general, one could consider moduli spaces of complexes of simple sheaves m on a complex 
projective 4-fold X and resolve complexes of sheaves by complexes of holomorphic bundles, then 
there will be a natural restriction morphism to a moduli of simple bundles on an anti-canonical 
divisor of X. A similar long exact sequence in Lemma 13.31 still works and we could study virtual 
cycle constructions as in Cases I-III. 

Endomorphisms of DT 3 cohomologies from relative DT 4 invariants. By considering the 
trace-free version of Lemma HOI the above definitions extend to any disconnected divisor Y C X. 
We are particularly interested in the case when X = Yj x P 1 , where Lj is a compact Calabi-Yau 
3-fold. Then Y = (Lj x 0) U (Yi x 00 ) will be a smooth anti-canonical divisor of X and the 
relative DT 4 invariant in general is a map 

v(M x ) : Sym%H4X,Z)®Z[x 1 ,x 2 ,..l)^M%My,r^ Y )^M\M Yl ,r^ Y J®m.*(m Yl ,V^ Yi ). 

By the Verdier duality and Og^ ('Psn Y ) — 'h’m Yl > we h &ve 

Thus a relative DT 4 invariant of (Yi x P 1 , Y\ x {0, 00 }) determines some endomorphisms of the 
DT 3 cohomology 

v(Wl x ) : Sym*(H*(Y 1 )[t\/(t 2 ) (g> Z[xi,z 2 , •••]) ->■ End^(^*{My 1 ,V! olYl )) 

for any Calabi-Yau 3-fold Yi. In general, the above endomorphisms should be used to establish 
the gluing formula mentioned in Question 12.91 (see [341 for the real 4-3 dimensional picture). 

3.2. Li-Qin’s examples. We have Li-Qin’s examples when conditions in Case II, III are 
satisfied m- Let Y be a generic smooth hyperplane section in X = P 1 x P 3 of bi-degree (2,4), 

c = [1 + (—1,1)] • [1 + (ei + 1, £2 — 1)], 

c |y = [1 + (-1, l)|r] ' [1 + (ei + 1, £2 - 1)|y], 

/c = (l + ei)^ 3 2 ^’ £ij £2 = 0,1, L r = 0 P i xP 3 (1, r). 

We denote 9Jl c (L r ) to be the moduli space of L r -slope stable rank-2 bundles on X with a Chern 
class c and M c \ Y {L r \ Y ) to be the moduli space of Gieseker L r |v-semistable rank-2 torsion-free 
sheaves on Y with Chern class c|y. 

Lemma 3.9. (Li-Qin [40] 1 

(i) V 

4(2 - e 2 ) . r . 4(2 - e 2 ) 

2 + 2ei + 62 £i£2 

then M c \ Y (L r \ Y ) = P fe and consists of rank-2 stable bundles. Furthermore, the restriction map 

r : M c (L r ) > M C \ Y (L r \ Y ) 

is well-defined and an isomorphic between projective varieties. 

(ii) If 0 < r < 2 + 2 e )+62 * then M c (L r ) and M c \ Y (L r \ Y ) are empty. 
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Proposition 3.10. In the above example, for any stable bundle E £ DJl c (L r ) on X = P 1 x P 3 , 
Extx(E,E) Exty(E\ Y ,E\ y ) = Exty(E\Y,E\ y )* = C fc , 

Ext i x (E,E) = 0, ifi> 2. 

The relative DT4 virtual cycle [971; r c el (L r )] mr = [: Wl c (L r )] £ H2k(^lc{L r ),7j). 

4. Computational examples of relative DT4 invariants for ideal sheaves 

In the above section, we studied relative DT4 invariants for holomorphic bundles. To formulate 
the gluing formula, we need to have a good understanding of how stable sheaves could be 
degenerated into union of stable sheaves on irreducible components of degenerated varieties. At 
this moment, we will restrict ourselves to the ideal sheaves case where degenerations have simpler 
behavior. 

We take a simple degeneration n : X —> C of projective manifolds over a pointed smooth 
curve ((7,0 £ (7), i.e. (1) X is smooth, 7r is projective and smooth away from the central fiber 
Xq = 7r _1 (0), (2) A'o is a union of two smooth irreducible components X+, A_ intersecting 
transversally along a smooth divisor Y. When generic fibers A t ’s are Calabi-Yau 4- folds and Y 
is an anti-canonical divisor of A'+, A_, we will study relative DT4 invariants of ideal sheaves for 
pairs (A'±, Y) and discuss their relations with DT4 invariants of X t , t ^ 0. The basic technique 
is the degeneration method developed by J. Li and B. Wu ESI, EH, El, ESI- 

Li-Wu’s construction will be recalled in the appendix and the associated obstruction theory is 
studied there. In this section, we concentrate on computational examples of relative DT4 virtual 
cycles for ideal sheaves based on the extension (Definition 15.41) of constructions for bundles 

(Cases I-III). 

Example 4.1. (Ideal sheaves of one point) 

We take a compact simply connected 4- fokfl A + which contains a smooth Calabi-Yau 3-fold 

Y as its anti-canonical divisor. We consider the moduli space Ji(A + ,0) of structure sheaves 
of one point (it is equivalent to consider ideal sheaves of one point) which has a well-defined 
restriction map to Y if points sit inside A+\Y. 

To extend the map to the whole moduli space, we introduce Li-Wu’s expanded pair, i.e. we 
consider A + [l] 0 = A + Uy A, Y[l]o Q A, where A = P (Oy ®Afy/x + ) and form the moduli space 
/i(A+[l]o, 0) (= A7|_) of relative structure sheaf of one point, which is the union of X + \Y with 
the C*-equivalence classes of points in A\((Y x 0) U (Y x 00 )). By the Koszul resolution and 
Serre duality, we have canonical isomorphism 

Ext*(Op,Op)^E*(TX + \ P ). 

Then the obstruction bundle Ob = A 2 TA + has a non-degenerate quadratic form only when it is 
restricted to A' + \Y and A\((Y x 0)U (Y x 00 )), but they do not glue to become a non-degenerate 
quadratic form on Ob —> X + as c\{Ob) ^ 0. 

If we assume Kx + has a square root K\ (see the appendix), and form Ob = A 2 TX + 0 A'jt , 
then there exists a non-degenerate quadratic form 

(A 2 TX+ 0 K% + ) 0 (A 2 TA+ 0 K\ + ) O x+ . 

As 7r 1 (A) = 0, the self-dual obstruction bundle Ob + is orientable, and Conjectures 15.8115U1 hold 
for this case. To calculate the Euler class e(Ob + ), we consider the case when A + = Yi x P 1 and 

Y = (Yi x 0) U (Yi x 00 ), where Yi is a smooth Calabi-Yau 3-fold. Then 

A 2 TX+ 0 K% + “ (A 2 TYi Kl Opi(-l)) © (TYi B O p i(1)), 

where both factors are maximal isotropic subbundles of Ob + . By m or Lemma 5.13 m , 

e(Ob + ) = ±(c 3 (Yi) + c 2 (Yi) • a{0 P i (1))) = ±(c 3 (A+) - ^ci(X + ) • c 2 (X + )), 

where the sign depends on the orientation of 05+. The relative DT4 virtual cycle for structure 
sheaves of one point is the Poincare dual of e(05 + ) ©. 

We then consider examples of ideal sheaves of curves. 


1 Note that any compact Fano manifold is simply connected. 
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Example 4.2. Let Q C P 4 be a smooth generic quintic 3-fold. We take X + = Q x P 1 with an 
anti-canonical divisor Y = (Q x 0)U(<5 x oo). Then U 2 (X_|_,Z) = H^(Q, Z) ® .H^P 1 , Z) = Z©Z. 

(i) We first fix the curve class to be the generator [ff] £ U^P-'qZ) C JJ 2 (X + ,Z). The moduli 
space J 0 (X + , [U]) (= Q) of ideal sheaves of curves with Chern character c = (1,0, 0, —PD([H]), 0) 
consists of ideal sheaves of curves of type {pt} xP 1 , pt £ Q. We have a restriction morphism 

r : I 0 (X+, [ff]) -> /i(Q,0) x Ji(Q,0) = Q x Q, 

^{ptfxP 1 l— ^ (Ipt Ipt ): 

to the moduli space of ideal sheaves of one point in Y. r is the diagonal embedding if we identify 
Io(X + , [H]) = Q. By direct calculations, for any Ic £ Jo(X+, [H]), we have 

Exf x+ (I c ,Ic) = C 3 , i = l,2, Extx + {Ic,Ic) — C, Ext% + (Ic,Ic) = 0. 

Analogs to Lemma IQ1 we have a long exact sequence, 

0 -»• Extx + (Ic,Ic ) -t Ex^(7 c |y,/c|y) Ext x+ (Ic,Ic ®K X+ ) 

-t Ext x+ (Ic,Ic ) -t S®t^(Jc|y,/c|y) -t Ext x+ (Ic,Ic ®K X+ ) -x 0 . 

This determines a surjective morphism 

s : 07 -» A/q/qxQ, 

from the obstruction bundle 06 with 06|/ c = Ext x+ (Ic, Ic) to the conormal bundle of /o(A + , [ H ]) 
in Ji(Q,0). Furthermore, rk(Ob) = codim(Q 1 Q x Q) = 3 and conditions in Definition 15.41 are 
satisfied. The relative DT .4 virtual cycle is the usual fundamental class of the moduli space, i.e. 
[J 0 (X+ ,[H])]£H 6 (I 0 (X+ , [H] ) , Z). 


(ii) If we fix the curve class to be the generator [ Hq] £ 7J 2 (Q,Z) C JJ 2 (A + ,Z), the mod¬ 
uli space Ji(X + , [Hq]) of ideal sheaves of curves in X + = Q x P 1 with Chern character c = 
(1, 0,0, — PD([Hq ]), —1) can be identified with the product of P 1 with the moduli space of prim¬ 
itive rational curves in Q (which consists of 2875 rigid curves for a generic Q CP 4 [15] L i.e. 

h(X + , [JJq]) = □ P 1 . 

2875 

Curves in U2875 h ave well-defined restriction to trivial line bundles on (Q x 0) U (Q x 00 ). 
For curves in Lasts'!®’ 00 } — A(A+, [Hq]), we introduce Li-Wu’s expanded pair to define the 
restriction map. We denote X + [l] 0 = A_i U X + U Ai, where A±i = Q x P 1 , and consider 
the moduli space I\(X + [l]o, [JJq]) of relative ideal sheaves of curves (normal to the divisor 
(Q x 0) U (Q x 00 )). Ji(X + [l] 0 , [Hq]) is the union of U 2875 C* with C*-equivalence classes of 
curves inside A±i\((Q x0)u(Qx 00 )), i.e. 

h(X+[l] 0 ,[H Q ]) “ y P 1 . 

2875 

We then have a restriction map 


h(X+[ 1] 0) [Hq]) -A {Oq x 0 } U {Oq xoo }, 

Ic '-t Ic I (Qx0)L!(Q X 00) = (Oqx 0 ,Oq X OO ) 

to the moduli space of trivial line bundles on (Q x 0) LI (Q x 00 ) C A_i U Ai. By direct 
calculations, for any Ic £ Ji(X + [l]o, [Hq]), we have 

Ext x+[i] 0 (Ic,Ic) - C, Ext 3 x+[ 1 ]o (I c ,I c ) = C 2 , Ext x+[ 1 ]o (I c , Ic) =0, * = 2,4. 

Conditions in Definition 15.41 are satisfied and the relative DT 4 virtual cycle is the usual funda¬ 
mental class of the moduli space, i.e. [Ji(X+[l]o, [#q])] € JJ 2 (Ji(X + [l]o, [Hq]), Z). 


We give a gluing formula of relative DT 4 invariants for the above example. 

Example 4.3. In Example l4.2l fii'). we consider Xq = X + UvX_ and its smoothing X t = QxT 2 , 
where X± = Q x P 1 and Y = (Q x 0) U (Q x 00 ). The moduli space Ji(X±[l] 0 , [Hq]) of relative 
ideal sheaves of curves satisfies 

J 1 (X ± [l] 0 ,[ffQ])“ □ P 1 . 

2875 

The relative DT 4 virtual cycle is usual fundamental class of Ji(X±[l]o, [JJq]). Meanwhile, the 
moduli space I\ (X t , [Hq]) of ideal sheaves of curves in X t = Q x T 2 with curve class [Hq] satisfies 

h(Xt, [Hq]) = □ T 2 , 

2875 
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and its DT .4 virtual cycle is the usual fundamental class of I\{X t , [ Hq ]) [T3]. Under the homol¬ 
ogous relation Xq ~ X t , we have P 1 U{ 0 jO o} P 1 ~ T 2 , then the gluing formula is expressed by 
pairing /i-map with these cycles (see Theorem 15.121 for such a formula). 

Example 4.4. (Generic quintic in P 4 ) 

We take X + = P 4 which contains a smooth generic quintic 3-fold Y = Q as its anti- 
canonical divisor, and then H 2 (X + , Z) = if 2 (Q,Z) = Z. We consider the primitive curve 
class [if] £ H 2 (X+,Z) and ideal sheaves of curves representing this class have Chern character 
c = (1,0, 0, — PD ([if]), |). We denote their moduli space by I$(X + ,[H]) (= Gr(2, 5)). The 
generic quintic Q contains 2875 rigid degree 1 rational curves and I 3 (X, [if]) contains a finite 
subset S with 2875 points. Ii{X, [if])\S has a well-defined restriction morphism to Hilb 5 (Q). 
To extend the morphism across those 2875 points, we introduce Li-Wu’s expanded pair. 

We denote X + [l ] 0 = X + UAi, Y[l]o(= Q ) CAi, where Ai = P(Oq©C>p 4 ( 5 )|q), and consider 
the moduli space I 3 (A+[l]o, [if]) of relative ideal sheaves of curves (normal to the divisor Q). 
Geometrically, it is the blow up of I± (X + . [if]) along those 2875 points, i.e. 

f|(A_|_[l] 0 , [if]) = Bls(Gr(2,5)), 

and each exceptional divisor corresponds to a Hilb 5 ( P 1 ) (= P 5 ) for each P 1 C Q. We then have 
a restriction morphism 

f§(*+[l]o, [if]) -»• Hilb 5 (Y[l] 0 ), 

Ic ^ ^c|y[ 1 ] 0 ; 

which is injective with smooth image. By direct calculations, we have 

Ext x + [i] 0 ^cJc) = C 6 , Ext 2 x+mo (I c ,Ic) = C 9 , Ext 3 x+Wo (I c ,Ic) = 0, 
and a long exact sequence 

0 —> Extx + ^ o (Ic , Ic) -t Exty^ o (Ic\Y, Ic\y) —► Extx + ^ o (Ic, Ic)* 

—> Ext 2 x+ ^] o (Ic,Ic) —> Ext^IcWJcWr —> Extx + ^ o (Ic,Ic)* -> 0 - 
As I c \y £ Hilb 5 (Y[ l]o) is a smooth point with Exty^ o (Ic\Y, Ic\y) — C 15 , conditions in 
Definition IQ are satisfied. The relative DT\ virtual cycle is the usual fundamental class of the 
moduli space f|(X + [l] 0 , [if]) = Bls(Gr( 2,5)). 

We adapt Li-Wu’s expanded degenerations to torsion sheaves and consider the following ex¬ 
tension of Example 14.21 


Example 4.5. (Relative DT 4 /DT 3 ) 

Let X + = Y\ x P 1 which contains Y = (Yj x 0) LI (Yi x 00 ) as an anti-canonical divisor, 
where Yi is a compact Calabi-Yau 3-fold. We denote SDt c (Yi) to be a Gieseker moduli space of 
torsion-free semi-stable sheaves on Yi with Chern character c £ H even (Yi : Q) (we assume there 
is no strictly semi-stable sheaf), and denote 9 7l c (X + ) to be the moduli space of sheaves on X + 
which are push-forward of stable sheaves in 9Jt c (Yi x t) for some t (9Ji c (X + ) = 9Jt c (Yi) x P 1 ). 
Let i : Yi x t X + be the natural embedding. For any stable sheaf X £ 9Jt c (Yi), as in Lemma 
6.4 of ]T3], we have 

Ext x+ (i* X, i* X) = Ext y x (X, X) © Exty 1 {X, X), 

(6) Ext 2 x+ (i*X, i*X) = Exty^ (X, X) © Exty x ( X , X)*. 

Furthermore, under the above identifications, a Kuranishi map 


: Ext x (i*X, l*X) —»• Extx + (i*X,L*X) 

satisfies 

KL,T(a,b) = (kf(o),0), 

for some Kuranishi map Kjr : Exty (f 7 , X) — > Ext\^{X,X) of 9Jl c (Yi) at X. 

To have a well-defined restriction map, we introduce X+[l]o = A_i U X + uAi, where A±i = 
Yi xP 1 , and consider 9Jt c (X + [l]o) to be the union of 93T c (Yi) xC* with the C*-equivalence classes 
of (9Jt c (Yi x 0 )xC)U (9Jt c (Yi x 00) x C*), i.e. 

9Jl c (A+[l]o)=9K c (Y 1 ) xP 1 . 

As the supports are disjoint, we have Tor 1 - 1 (l^X, Oy) = 0 which implies a long exact se¬ 
quence similar to the one in Lemma l5.31 and get a canonical isomorphism Ext x ^ ^(t*^, i*X) = 
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Ext 2 x+ [ i] o (t*.F, l*X)* as (HDD- In this specific case, there exists a canonical maximal isotropic sub¬ 
space Exty^F.F) Q Ext^ [ 1 ] o (i*J r , i*E) © and Exty^J-, E)'s form a sheaf over 9Jt c (A + [l]o), 
thus Conjectures 15.81 15.91 hold. Analogs to Theorem 6.5 [13], the relative DT 4 virtual cycle 
satisfies 

[m: el (x+[i} 0 )} vir = DT 3 (m c (Y 1 )) • [P 1 ] € H 2 (m c (x + [1] 0 ),Z), 
where DT 3 (JXft c (Yi)) is the Donaldson-Thomas invariant defined by Thomas [53l . 


5. Appendix on relative DT 4 invariants for ideal sheaves and gluing formulas 

5.1. Li-Wu’s good degeneration of Hilbert schemes. In this subsection, we recall some 
basic notions and facts of Li-Wu’s good degeneration of Hilbert schemes. The precise definitions 
are left to their papers [35], [55]. 

The stack of expanded degenerations. We first introduce the stack of expanded de¬ 
generations for pairs (A '±,Y). We replace a pair (X + . Y) by expanded pairs of length n, 
(X + [n]o,F[n] 0 ), i.e. 

A+[n ] 0 = A+ U Ai U • • ■ U A n , 

which is a chain of smooth irreducible components intersecting transversally with Aj to be the 
i th copy of A = P(A/y/A' + © Oy). A is a P 1 bundle over Y with two canonical divisors Y± such 
that Afy + /x+ — A fy/x + and My_/x + — ^yjx ■ We denote Y[n \0 = Y + to be the divisor in 
the last component A n . In fact, we can consider families of expanded pairs, (X_|_[n], Y [n]) over 
affine space A" such that over 0 £ A n it coincides with (A + [n]o,Y[n]o). Then there exists a 
pair of Artin stacks (X+,2)) as the direct limit of stack quotients of (X + [n],Y[n\) by certain 
group actions. The projection of (X + [n], Y[n]) to the affine space A” induces a morphism 
2} C X+ —> 2l<>, where 2l<> is the direct limit of some stack quotients of the affine space A" +1 . 

To formula the gluing formula, we also need to replace the family X —> C by its expanded 
degeneration A —> £, where X is the direct limit of stack quotients of X[n\ and X[n] is a family 
over C[n ] = C X 41 A ra+1 , £ A C x^i 21 and 21 is another stack quotient of the affine space A ra+1 . 
A smooth chart of Xq = X x c 0 is 


A'[n] 0 = A+ U Ai U • • • U A„ U A_, 

which is a chain of smooth irreducible components intersecting transversally with Aj to be the 
i th copy of A = P(A fy/x + © Oy) — P {J\fy/x_ © Oy). We also denote A 0 = X + , A„ + i = X_. 

If we consider X [n ]0 as the gluing of (X± [n]o, T[n]o), we need to specify one of its divisor in 
some Aj. This is called a node-marking and there exists an Artin stack xj which is the collection 
of families in To with node-markings. One can construct a stack GlJ and an arrow £q —>• £ that 
fits into a Cartesian product 


4 —-e 

By Proposition 2.13 [35], there exists a canonical isomorphism GlJ = 2I 0 - 

To fix Hilbert polynomials of ideal sheaves over A[n]o and decompose them into ideal sheaves 
of fixed Hilbert polynomials on (A±[n]o, y[n]o), we introduce 

Af A {5= (S ± ,S 0 ) \ 6++ 6^-6 0 = P}, 

where S±, Sq, P are polynomials in A = A* U {0}, and A* is the set of Q-coefficient polynomials 
whose leading terms are of the form a r -j with a r £ Z + . 

We define the stack Xq 5 whose closed points are (X[n]o,Yk,w), where w is a function such 
that 

w(A[ 0 ,fc_i]) = S-, ty(A[ fci „ + i]) = S+, w(Y k ) = 6 0 

We similarly assign functions w± to (A±[n]o, T[n]o) with 


w±(A[ 0 ,„]) = 5±, w±(Y[n] 0 ) = 5 0 
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and define stacks X 


i5±,i5o 

± 


Then there exists stacks 2lo ±, ‘ 5 ° 


so that we have Cartesian product 


X ± 


x± 


21 * ±,5 °-s- 2lo 


By gluing two components, we obtain the following commutative diagram 


X 


<5± Ao 
+ 


x xi *’ 50 


x 0 


2l« + ,S ° x <2l S 0 -’ So -=-► € f 0 ’ s 

We denote Cg P = U, 5 gA spl ^ an< ^ then have a natural morphism $ 5 - : Cq 5 —> <Z P as the 
composition of the imbedding 5 -A- cj ’ P with forgetful map Cq P —> € p . 

Lemma 5.1. (Li-Wu, Proposition 2.19 [59 ] ) 

There are canonical line bundles with sections ( Ls,ss) on £ p indexed by 5 £ Ap , such that 

(1) let t be the standard coordinate function on A 1 and n : (£ p — > A 1 be the tautological 
projection, then 

0 Lg = O e p, ss = 7r*t; 

SeA s p pl SeA s /‘ 

(2) $5 factors through s^" 1 (0) C £ p and there exists an isomorphism s^" 1 (0) = £g ,<5 . 

This states that £ p C £ p is a complete intersection substack with |J ( seA <,p! as its normal¬ 
ization. 


Moduli stacks of stable ideal sheaves. By Theorem 4.14 [59], there exists a Deligne-Mumford 
stack 3 P ^ C which is finite type, separated and proper over C. It is a good degeneration of Hilbert 
scheme of subschemes of X/C with fixed Hilbert polynomial P in the sense that 

3£ /£ x c t^Hilb p (X t ), t ± 0 

and the central fiber ^x 0 /c 0 = Xc 0 has a good obstruction theory. We recall that any 

closed point of 3 P o ^ Co is an ideal sheaf Iz in some A'[n]o such that 

(1) Oz is normal to all 4 C X[n] 0 , i.e. Tor\j x ^ (Oz,OyJ = 0; 

(2) Autx{Iz ) is finite. 

(3) The Hilbert polynomial of Oz is P. 


We define 

— J £/C '-'0 • 

It parameterizes ideal sheaves Iz ’s on A'[n]o with a node-marking \\ C X [n] 0 so that the Hilbert 
polynomials of Oz restricted to Ui<fcA*, to Uj>fcAi and to Y*, are <5_, 5+ and <5o respectively. 

We can similarly define the moduli stack of stable relative ideal sheaves for 2) C X± with 
pair Hilbert polynomial (<5±, So), denoted by 3^’/^, which are finite type, separated and proper 
Deligne-Mumford stacks (Theorem 4.15 [39]). The relations between 3^ t t an d 

are described as follows. 


Lemma 5.2. (Li-Wu, Theorem 5.27 [591 ) 

(1) There exists natural restriction morphisms 3^’4 —> Hilby, where Hilby is the Hilbert 

scheme on Y with fixed Hilbert polynomial <5g, and an isomorphism 


T 5 -’ <5 ° X a 
J 3t_/2lo A Hilby 


A+.<5o 
’x + /m o 


r,5 

4/4' 


(2) Let ( Ls , ss) be as in Lemma HOI and Tip : ^x/c ~* ^ P be the natural projection. Then 

0 irpLs^OjP^^ TTpSs = TTpTT*t; 

i5eAp pl <5eAp pi 

As closed substacks of3€, £ , we have 34 t = (7 TpSs = 0). 

/ Xq/Cq 
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5.2. Relative DT± virtual cycles. We study obstruction theories of Dcligne-Mumford stacks 

3 s * t and 3 S ~' S !L . 
xj/ej £±/»o 

Lemma 5.3. We take a closed point [Iz] € with Z C X + [n]o, then for Y = Y[n] o, we 

have a short exact sequence 

(7) 0 —> Iz ® Ox + [n| 0 (~7) —t Iz —t Iz ® Oy —^ 0 
and a long exact sequence 

■ •• —> Ext 3 (Iz, Iz ® Ox + [n] 0 (^7)) -4- Ext l (Iz,Iz) —> Exty(Iz ® Oy, -Tz 0 Oy) —t 
—> Ext 2 (Iz,Iz ® C , x + [n] 0 (-5^)) —t Ext 2 (Iz,Iz) —> Ext Y (I z ® Oy,Iz ® Oy) —>• 

~^ Ext 3 (Iz , Iz ® O.Y + [n]o( — ^0) ~t Ext 3 (Iz, Iz) —>■■■■ 

Proof. We tensor 0 —* Iz —» Ox + [n] 0 ~> Oy —t 0 with Oy and get 

(8) Tori+ 3 +[n]Q (O z ,0 Y ) - T<h* 0x+Wo {I z ,Oy), i > 1. 

Applying tensor product with Oy to 0 —>• Ox + [ n ] 0 (—P) —t Ox + [„] 0 —>• Oy —t 0, we get 

(9) Tor$ 2 +Mo (O z ,Oy) = 0. 

These ensure that we have the short exact sequence 0 after tensoring 0 —>• Ox + [ n \ 0 (—Y) —t 
@x + [n ]o —t Oy — > 0 with Iz■ We then take Hom(Iz, •) to 0 and are left to show Ext*(Iz, Iz ® 
Oy) — Exty(Iz ® Oy, Iz ® Oy). We have a spectral sequence 

H*(X + [n]o, £xt*(Iz, Iz ® Oy)) =>■ Ext*(Iz, Iz ® Oy). 

By Corollary 2.9 [55], we can take a finite length locally free resolution E* —> Iz —> 0. Then 
H*(X + [n\o,£xt*(Iz,I Z ®OY))^H*(X + [n\o,£xt*(Ox +ln]o ,0 Y )®End(E a )) 
e* R*(X + [?^]o,£ , m^(.E'•) <g> Oy) “ F*(X + [n]o,i*^nd(L;*|y)) = Ext* Y (E % \ Y ,E'\ Y ), 
where l : Y ^ X + [n]o is the closed imbedding. By 0, we have Tor 1 ^ 3 ( ] (Iy,Oy) = 
0 which implies that E m \y —>• Iy|y —»• 0 is still an resolution. Thus Ext Y (Iz\Y, Iz\y) — 
Ext*(Iz, Iz ® Gy). □ 

The above long exact sequence is the ideal sheaf version of the long exact sequence in Lemma 
13.31 We consider the following extension of virtual cycles for bundles (Cases I-III) to ideal 
sheaf cases. 

Definition 5.4. Let Y be an anti-canonical divisor of a complex projective 4-fold X+, and 


. r,s + , 8 0 pfjih So 
' ’ J T + /3 0 ^ XlUOy 


be Li-Wu’s restriction morphism in Lemma 15.21 We assume 2 ^'^ is a smooth moduli scheme 
(all Kuranishi maps vanish). 

The relative DT 4 virtual cycle for is its usual fundamental class provided that any 

one of the following conditions holds, 

( 1 ) r is surjective between smooth moduli spaces, and the obstruction bundle = 0 , 

( 2 ) r is injective between smooth moduli spaces (at least when restricted to a neighbourhood 

CWfcX)) ° f m mlb r )- and rfc(06(3^’X)) = codim ^W ^(K^’X)))- 


A modification by twisting K\ ± - In general, extensions of virtual cycles for bundles (Cases 
I-III) to ideal sheaves are not straightforward. We study the extension for Case I. 


Proposition 5.5. We take a smooth Calabi-Yau 3-fold Y in complex projective 4~f°lds X± as 
their anti-canonical divisors. We assume any Ic € Hilb s °(Y) satisfies Ext l (Ic,Ic) = 0. Then 
for any closed point of3 S ^°^, say [Iz±] with Z± C X±[n] 0 , we have canonical isomorphisms 


(10) ^f Y±[n]o (/z ± ,/z ± )o = Ext 4 ~2 [n]o (I z± ,Iz ± r 0 , i = 1,2. 

Furthermore, under the isomorphism in Lemma \5. 21 

qf(5 r^S—,6 0 ^«(5_|_,<5o 

Xl/&1 _ J -T-/3o X Hilbi? J A- + /3c’ 
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where a closed point of DL t is written as Iz = Iz + U I Z _, with Z C X\n+ + n_]o, -Z± C 
X±[n±]o, we /lave canonical isomorphisms of trace-free extension groups 

Ext X[n++n-] 0 J z)o - E Xt* x+ [„ + ] 0 {I Z+ Jz+) 0 © Ext* x _ [„_] Q (I Z _ , )o, 

under which the non-degenerate quadratic forms on Ext 2 x ^ n++n _^ o (I z , I Z )o arl d Ext x± ^ o (I z± , Iz±) 
m are preserved. 


Proof. We apply the trace-free version of Lemma 15.31 to the case when Y is the Cartier divisor 
associated with the dualizing sheaf of X±[n]o and get canonical isomorphisms by Serre duality. 

We take a closed point I z G TL t with Z C X[n+ + n_]o = X + [n + ]o Uy X_[n_]o and 

_ 

restrict to get I z± Q Ox±[n± ]• As |1B], [35], we then get an exact triangle 
RHom X [ n++n _] 0 (I z ,I Z )o -t RHom x± [ n± ^ 0 (I z \x ± [n ± ]o^ I z\x ± ln ± ] 0 )o -t RHom Y {Iz\Y,Iz\Y)o 
We take cohomology, use the assumption to deduce H*(RHom Y (I z \ Y , Iz\y)o) =0. □ 


From Proposition 15.51 one may expect to get a (—2)-shifted symplectic structure on 3^’^ 
if any Iq G Hilb s °(Y) satisfies ExR^CiIc) = 0. Then as Borisov-Joyce did in |7], one expects 
to use BBJ’s type local Darboux charts, partition of unity and homotopical algebra to obtain 
D-orbifolds associated with 3^’^ and t . In particular, analogs to Theorem 12.61 there 

should exist homology classes P^’^J OTr G Q)> p£t /c t]” r e if the 

associated D-orbifolds of and D‘L + + are orientable (251 . 

±/ o X 0 /S-o 

However, under the assumption: any Ic G Hilb s °(Y) satisfies Ext^^c^c) = 0, the non¬ 
degenerate quadratic forms on Ext\ ± ^ o {I z± , I Z± )'s (see Proposition 15.51) don’t have to glue 

together, and the D-orbifold associated with m ight not exist (see Example Id. 111 . For 

1 1 1 

gluing, we discuss the case when there exist a square root K x of K x ± with K x ®K X± = K x ± ■ 


Lemma 5.6. Let X + be a complex projective f-fold with a square root K x , Yi (i = 1,2) be 

— i 

two smooth zero loci of sections of K x 2 with K Yi = 0 (■& N Yi /x + — 0 Yi ) and Y\ Cl I 2 = 0- 
We take Y = Y\ U Y 2 which a smooth anti-canonical divisor of X + . Then for any closed point 
[Iz] G 3^/^ with Z C X + [n]o and E[n]o = Yi U Y<i, we have a short exact sequence 

0 —* Iz 0 Ex + [n ] 0 I 2 ® 0 

and a long exact sequence 

0 ->• Ext x+[n]o (I z ,I z ® K£ +[n]o ) 0 ->• Ext x+[n]o (I z ,I z ) 0 -t Ext Yl (I z 0 0 Yl ,I z 0 0 Yl ) 0 


-»• 


Ext 2 x+[n ] 0 (I Z ,I Z 0 K x+ [ n ] 0 )o ->■ Ext x+[n]o (I z , I z )0 -t Exty^Iz 0 0 Yl ,I z 0 O Yl ) 0 


—>• 


where K x ,, is a square root of the dualizing sheaf of X + [n\ 0 . 

Furthermore, if any Ic G Hilb s °{Y) satisfies Exty(Ic, Ic) = 0, we have canonical isomor¬ 
phisms 

</>i : Ext 2 x+[n]o (I z ,I z 0 K x+[n]o ) 0 “ Ext 2 x+[n]o (I z ,I z ®K* + [n]o ) 0 , 

(f 2 : Ext 2 x+[n]o {I z ,I z 0 Kx +[n]o )0 = Ext 2 x+[n]o (I z ,I z ) 0 , 


Proof. It is similar to the proof of Lemma 15.31 The isomorphism (f> 1 is derived by tensoring 
1 1 

0 —> I z 0 E x+ [n \ 0 Iz Iz 0 0 Yl —t 0 with K x ,, and taking the long exact sequence. □ 

1 

The reason of introducing Ext\- , , (I z ,Iz 0 K 2 , , )o is that Serre duality pairing defines 

-A-|-[7TJO ^\._)_[71Jq / 

1 

a natural non-degenerate quadratic form on it. If Ext x+ ^ o (I z+ , 1z + u o )o’s are glued to 

be a sheaf over the moduli space, the Serre duality pairing will probably ’glue’. By Proposition 
15.51 there is a non-degenerate quadratic form on Ext^ + ^ o {I z , Iz)o- We make a comparison 
between them. 


Proposition 5.7. Let Xy be a complex projective 4-fold with a square root I\y ,Yi (i = 1,2) be 

_1 

two smooth zero loci of sections of K x 2 with K Yi = 0 (■&■ Jf Yi /x + — 0 Yi ) and Y\ (~l Y 2 = 0. We 
take Y = Y\ U 1 2 which a smooth anti-canonical divisor of X + and assume any Ic G Hilb s °(Y) 
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satisfies Exty(Ic, Ic) = 0. Then for any closed point [Iz\ G with Z C X + [n\o and 

Y[n} 0 = Y\ U Y%, we have a commutative diagram 

^ X ^X + [n ] 0 ^ Z ’ ^ Z ® [n ] 0 )o 

where <f>\ , 0 2 are defined in Lemma 1.5.61 and 03 is f/ie isomorphism induced from the long exact 

sequence in Lemma f,5. ,*?! FuHhermore, 0 2 is an isometry with respect to the Serre duality pair- 

1 

ing on Ext 2 x+ ^ o (Iz,Iz <8> r n ] 0 )o and i/ie quadratic form on Ext 2 x+ ^ o (Iz, Iz)o defined in 
Proposition 1 5. .51 

_ 1. 

Proof. The commutativity is because isomorphisms 0i, 02 are pairings with sections in H°(X + [n]o, K x 2 , , ) 
corresponding to Cartier divisors Yi, Y 2 , and 03 is the pairing with a section in H°(X + [n] 0 , [n] rj ) 

corresponding to Y = Yi U Y 2 • Then it is easy to check 0 2 is an isometry. □ 


Conjecture 5.8. Let Y be a smooth Calabi-Yau 3-fold in complex projective 4-folds X± as 
their anti-canonical divisors. We assume any Ic G Hilb s °(Y) satisfies ExO^Ic^Ic) = 0. Then 
there exists a D-orbifold associated with Deligne-Mumford stack 34 t , i.e. they have the same 

X q /(L 0 

underlying topological structures. 

1 

Furthermore, if canonical bundles of X± admit square roots K x± , and there exist Yi (i = 1,2) 

_ 1 

which are smooth zero loci of sections of K x ± with Ky i = 0 (4=> Kfy i /x± — CVP such that 
Y = Y 1 UY 2 , Yi (1 Y 2 = 0, then there exist D-orbifolds associated with Deligne-Mumford stacks 

4e±/a«- 


Conjecture 5.9. We take a smooth Calabi-Yau 3-fold Y in complex projective 4~f°lds X± as 
their anti-canonical divisors. We assume any Ic G Hilb s °(Y) satisfies Ext^ljc, Ic) = 0 (we 
assume Hilb s °(Y) consists of one point without loss of generality), then we have 


P <5±5^o 1 vir tt (r*5±,5o 

£±/2l<J ^ • n *V J 3£ ± /a 0 




6 H -< 4 /Y 


if there exist orientable D-orbifolds [29] associated with 3 44™ and 3 4. t . Furthermore, under 

±/ o Xq/(Lq 

the isomorphism 


J £_/2lo X Hilbi° J X + /%o 


/*n j 

“ 4/4 


in Lemma El we /lane an identification of virtual cycles 


P 4 / 4 ] 


P i5+,<5o 

,T + /2lo 


X [3 


■S- ,8 0 
X-/< 21 0 


if we choose appropriate orientations on D-orbifolds associated with 34’/™ and 34 t . 

*±/^o *o/ c o 


5.3. A conjectural gluing formula. We state a conjectural gluing formula of DT± invariants 
for a simple degeneration X —>• C of projective CYfs. We assume = 0 and A' 0 = X + Uyl_ 
with Y as an anti-canonical divisor of X±. 

We first consider the virtual cycle of 3([ /£ . Because of the triviality of the relative canonical 
bundle oj x /c = 0, as Conjecture 15.8115.91 there should exist a D-orbifold associated with 3^, £ 
and a Borel-Moore homology class p£/ c ] mT ’ G Hf M (3^ € , Q) if the D-orbifold is orientable {291 . 


“ d l^l/el 1 


. By Lemma 15.21 34 t is the zero loci of a 

Xq/(Lq 


The comparison of \3 X , £ 
section nfss of a complex line bundle nfLs on 3 P ^ £ . Meanwhile, by [39], the obstruction theory 
of 34 t is the pull-back of the obstruction theory of 3S /£ , thus we should have 

(11) P^t /£ tr r = c x {M P L & , ir* P s s ) n [3 P x/£ r\ 

where Ci(TTpLs,Trfss) G H 2 (3 x j £ , 3 P / £ — 3^ £t ) ^ the localized first Chern class (Proposition 
19.1.2 [25]) and Ci(7TpL,5,7TpS,5)n : H PM (3Z /£ ) —> fd*-2p4 t ) is the cap product [25]. 
Summing over all splitting <5 of P, we get 

( 12 ) ^ ^ 


E P4/4 r = Cl( 


7 pL$, n P ss) C [3 


P lvir 
36/cJ 


<5eAt 


seAi 


seAi 
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The comparison of p^/ £ ] OTr and [3((J OTr . F°r i ^ 0, we have Xp t = 3((. The 
obstruction theory of 3(( is the pull back of the obstruction theory of 3^ , £ . Without loss of 
generality, we assume C = A 1 and similarly obtain 


[3 


P 1 vir 
X t \ 


= C 1 IO 3 P ,7Tp7h 


t) n [j^/c] 


(13) 

where [3(1 ] vlr is the DT 4 virtual cycle mentioned in Theorem 12.61 


Conjecture 5.10. We take a simple degeneration X —> C of projective CY 4 ’s with ojx/c = 0 
such that Xq = X + U y X _ and Y is an anti-canonical divisor of X±. Then there exists a 
D-orbifold associated with 3 P ^ £ , and a Borel-Moore homology class 

if the corresponding D-orbifold is orientable. 

Furthermore, equalities m, m hold if we choose appropriate orientations for D-orbifolds 
associated with 3^ , £ , 3"L t t and 3(1 . 

To introduce the gluing formula, we make the following definition. 


Definition 5.11. Let X —> C be a simple degeneration of projective CY 4 s such that Xq = 
X + Uv X- with Y as an anti-canonical divisor of X±. P is a polynomial and 3^y c -A C is 

Li-Wu’s good degeneration of Hilb p (X t ), t 7 ^ 0. We assume for any <5 = (<5±,<5o) G Ap , any 
closed point Iq G Hilb s °(Y) satisfies Exty(Ic, Ic) = 0. Then the family version DT 4 invariant 
of Hilb p (X t ), t 7 ^ 0 is a map 

DT 4 ( 3^J : Sym*(H*(X, Z) <8> Z[®i, £ 2 , •■•]) —* Z 

such that 

DT ^Xt)(hi,Pi), ( 72 ^ 2 ), •••) = [ Ai(7i,Pi) U/x(72,P 2 ) U ..., 

where 7; € P*(X, Z), /i(,) is the /i-map defined in Definition 13.41 with respect to the universal 
sheaf of 3() and we view 3(( °a 3() as a closed substack to do integration. 


We take a Kiinneth type decomposition of the cohomology class 

(/r( 7 i, Pi) U M 72 , P 2 ) U ...)| al+ = £ r + , 5li IS) r_, 5ii G P*(3^_’ / \ x 3*+’^). 


*t/ e t 

'"'O' c 0 


Then the relative DT 4 invariant of 3^/21 with respect to T± t s,i is 


D U^J(r ±Ai ) = J^ 


*±’ d 0 1 

^ ± /2to J 


T±,S,i G Q. 


We state a gluing formula of DT 4 invariants on Calabi-Yau 4-folds based on previous conjec¬ 
tures. 


Theorem 5.12. Let X -A C be a simple degeneration of projective CY 4 such that w>x/c = 0 and 
Xq = X + U y X _ with Y as an anti-canonical divisor of X±. P is a polynomial and 3 P ^ £ -A C 

is Li-Wu’s good degeneration of Hilb p (X t ), t ^ 0. We assume for any 6 = (<5±,<5o) G Ap , any 
closed point Iq G Hilb 5 °(Y ) satisfies Ext\-{Ic , Ic) = 0 (without loss of generality, we assume 
Hilb s °(Y ) consists of one point for simplicity), then for f ^ 0 G C, 


DT 4 (3 P t )(( 11 ,P 1 ),( l2 ,P 2 ),...) = 


E 

<5eAp pi ,i 




){r +Ai ) ■ DT 4 (3 5 x ~f% o )(T. Ai ) 


where 7 j G P*(X, Z), //(,) is t/ie y-map defined in Definition \3-4\ with respect to the universal 
sheaf o/3^ e , ("GMy) is f/ie factor in a Kiinneth type decomposition as in Definition [5~TT\ 


Proof. By Lemma 15.21 Conjecture 15.9115.101 and (fl2l) . 


□ 


Remark 5.13. By Corollary 2.16 IS5], if P is the Hilbert polynomial associated with structure 
sheaves of points. The condition which says for any <5 = (S±,6o) G Ap Z and any closed point 
Ic G Hilb s °(Y), we have Exty(Ic, Ic) = 0 is satisfied. 
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6. Appendix on the orientability of relative DT 4 theory 

In this section, we give a coherent description of orientability issues involved in definitions of 
relative DT 4 virtual cycles (in Section 3) and then give some partial verification for the existence 
of orientations. 

We take a smooth (Calabi-Yau) 3-fold Y in a complex projective 4-fold X as its anti-canonical 
divisor, and denote Hflx to be a moduli space of stable bundles on X with fixed Chern classes. 
Assuming conditions in Theorem 13.II are satisfied, we obtain a morphism 

r : 9 JT.y —t 

to a Gieseker moduli space of stable sheaves on Y. We denote the determinant line bundle of DJXx 
by Cx with Cx\e — det(H odd (X , EndE)) <g> det(H even (X , EndE))) _1 (similarly for Cy —> 9Jly). 
In this set-up, there exists a canonical isomorphism 

a : {C Mx )® 2 = r*£ M M 

Definition 6.1. A relative orientation for morphism r consists of a square root (Cm y 
of the determinant line bundle Cm y \M^ d an d an isomorphism 

9 : Cm x I Ary d — r (£-My 2 

such that 9 <S> 9 = a holds over Mx d for the isomorphism a. 

Proposition 6.2. The restriction morphism has a relative orientation in Cases I-III individ¬ 
ually is equivalent to the existence of an orientation in each corresponding case, i.e. 

(i) the D-manifold associated with 9Rx is orientable in Case I; 

(ii) the self-dual obstruction bundle is orientable in Case II; 

(Hi) the self-dual reduced obstruction bundle is orientable in Case III. 

Proof. As 5 Uty is smooth in all cases, Cy has a canonical square root given by det(TfDty). 

In Case I, S Uly consists of finite number of points. The existence of relative orientations is 
obviously equivalent to the existence of orientations for the D-manifold associated with DJlx (see 
also Theorem l2.7l) . 

In Case II, H * ( X, EndE) ’s and H 1 (Y, EndE\y)’s are locally constant. We abuse notations 
and use them also to denote the corresponding bundles. By the short exact sequence 

0 —> H 3 (X,EndE)* ^{X^ndE) —>• r*H 1 (Y, EndE\y) 0 

in Case II, the relative orientability is equivalent to the structure group of the obstruction bundle 
H 2 {X,EndE) can be reduced to 5 l O(*,C), i.e. the self-dual obstruction bundle is orientable. 

In Case III, the argument is similar as in Case II. □ 

We have the following partial verification of the existence of relative orientations. 

Theorem 6.3. (Weak relative orientability) 

Let Y be a smooth anti-canonical divisor in a projective 4-fold X with Tor(H*(X,7,)) = 0, 
E —> X be a complex vector bundle with structure group SU(N), where N 0. Let A4x be a 
coarse moduli scheme of simple holomorphic structures on E, which has a well-defined restriction 
morphism 

r : Mx —> My, 

to a proper coarse moduli scheme of simple bundles on Y with fixed Chern classes. 

Then there exists a square root (Cm y Ia-ijt'O 5 °f £-m y \MXf d suc ^ that 

Ci{Cm x \M^ d ) = r c l((^A4y \M ^ d ) 2 )> 

where Cm x (resp. Cm y ) the determinant line bundle of A4x (resp. My). 

Proof. See the proof of Theorem 4.1 [TT]. □ 

Another partial result is given as follows. 

Proposition 6.4. We assume H 1 (Mx,'iL 2 ) = 0. Then relative orientations for restriction 
morphism r : Mx —> My exist. 

Proof. See Proposition 4.6 of [14] • □ 


2 See for instance Lemma 4.2 of m 
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